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a b s t r a c t
For any permutation pi of the vertex set of a graph G, the graph piG is obtained from two
copiesG′ andG′′ ofG by joining u ∈ V (G′) and v ∈ V (G′′) if and only if v = pi(u). Denote the
domination number of G by γ (G). For all permutationspi of V (G), γ (G) ≤ γ (piG) ≤ 2γ (G).
If γ (piG) = γ (G) for all pi , then G is called a universal fixer. We prove that regular graphs
and graphs with γ = 4 are not universal fixers.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
A universal fixer is a graph whose domination number γ is equal to that of all its generalized prisms. The problem of
finding universal fixers other than the edgeless graphswas first posed by Diana (Weizhen) Gu [4] in 1999, andMynhardt and
Xu [8] conjectured that such graphs did not exist. We present an elegant combinatorial argument – in contrast to structural
arguments for other graph classes – that regular graphs are not universal fixers.
We use the terminology of and several results from [8]. These definitions and results are stated in Section 2. The main
theorem below is proved in Section 3.
Theorem 1. If G 6= Kn is a regular graph, then G is not a universal fixer.
In Section 4 we use a similar combinatorial argument together with some structural results to prove
Theorem 2. If G 6= Kn and γ (G) = 4, then G is not a universal fixer.
2. Definitions and background
For a graph G = (V (G), E(G)) and a permutation pi of V (G), the prism of G with respect to pi is the graph piG obtained
from two copies G′ and G′′ of G by joining u ∈ V (G′) and v ∈ V (G′′) if and only if v = pi(u). If pi is the identity 1G, then
piG = G × K2, the cartesian product of G and K2. The graph G × K2 is often referred to as the prism of G and piG is called a
generalized prism of G.
We generally denote the order of G by n. The open and closed neighbourhoods N(v) and N[v] of a vertex v are defined by
N(v) = {u ∈ V : uv ∈ E} andN[v] = N(v)∪{v}. For S ⊆ V (G),N(S) =⋃s∈S N(s),N[S] =⋃s∈S N[s] andNS(v) = N(v)∩S.
If S dominates A ⊆ V (G) (i.e. if A ⊆ N[S]), we write S  A; if A = V (G)we also write S  G.
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The domination number γ (G) of G is defined by γ (G) = min{|S| : S  G}. A γ -set of G is a dominating set of G of
cardinality γ (G). A set S ⊆ V (G) is a packing (also called a 2-packing) of G if N[u]∩N[v] = ∅ (i.e. d(u, v) ≥ 3) for all distinct
u, v ∈ S. We follow [7] for domination terminology.
As shown in e.g. [6,8], γ (G) ≤ γ (piG) ≤ 2γ (G) for all permutations pi of V (G). If γ (piG) = γ (G) for some permutation
pi of V (G), we call G a pi-fixer. If G is a 1G-fixer, that is, if γ (G× K2) = γ (G), then G is a prism fixer, and if γ (piG) = γ (G) for
all permutations pi of V (G), then G is a universal fixer.
Prism fixers were also studied by Burger, Mynhardt and Weakley [1] and Hartnell and Rall [5,6], while universal fixers
were first considered in [8], where it was conjectured that the edgeless graphs are the only universal fixers. (The graphs Kn,
n ≥ 1, are universal fixers because piKn = nK2 for all permutations pi of V (G), and γ (Kn) = γ (nK2) = n.)
Conjecture 1 ([8]). If G 6= Kn, then G is not a universal fixer.
Conjecture 1 has been shown to be true for (amongst others) claw-free graphs [2], bipartite graphs [3], k-regular graphs
for 1 ≤ k ≤ 4 and graphs with γ ≤ 3 [8]. Also, the fractional version of Conjecture 1, namely that if G 6= Kn, then G is
not a fractional universal fixer (substitute the domination numbers of the graphs involved by their fractional domination
numbers) has been proved by Walsh [9].
A γ -set A is a separable γ -set, or a separable A1-γ -set to emphasize the set A1, or simply an A1-γ -set, if A can be partitioned
into two nonempty subsets A1 and A2 such that A1  V − A. Note that an A1-γ -set is uniquely defined when only A1 is
specified, because A2 = V (G)− N[A1]. Hence we implicitly assume the existence of A2, and thus A, whenever A1 is given.
Given an A1-γ -set A of G and a permutation pi of V , define Bi = pi(Ai), i = 1, 2 and B = pi(A) = B1 ⊎ B2, where we use
the notation
⊎
to emphasize that the union is disjoint. If B is a B2-γ -set of G, we say that A is effective under pi . This brings
us to a characterization of universal fixers in terms of separable γ -sets.
Theorem 3 ([8]). The graph G 6= Kn is a universal fixer if and only if for each permutation pi of V there exists a separable γ -set
that is effective under pi .
If an A1-γ -set A is also an A2-γ -set, then A is called a symmetric γ -set; otherwise A is called an asymmetric γ -set.
Symmetric γ -sets were also studied in [6], where they were called two-colored γ -sets.
Lemma 4 ([6,8]). Suppose that A is a symmetric γ -set of G. Then
(a) A is independent;
(b) δ(G) ≥ 2;
(c) Ai, i = 1, 2, is a maximal packing of G;
(d)
∑
x∈Ai deg x = n− γ , i = 1, 2;
(e) for each vertex u ∈ V − A there exists a vertex v ∈ V − A such that NA(u) = NA(v) = {x, y} (say) and 〈u, v, x, y〉 = C4.
Every universal fixer has several symmetric γ -sets, as can be seen from the next theorem.
Theorem 5 ([8]). If G 6= Kn is a universal fixer, then for any clique C there is a symmetric γ -set A with A ∩ C = ∅.
Nevertheless, certain symmetric γ -sets disqualify a graph from being a universal fixer.
Theorem 6 ([8]). If G has a symmetric A1-γ -set with |A1| = 1, then G is not a universal fixer.
We call A1 a candidate-set if A is a separable A1-γ -set and there exists a permutation pi such that A is effective under pi .
Notice that if A is a symmetric γ -set, then both A1 and A2 are candidate sets (consider pi = 1G), but if A is asymmetric then
A2 is not a candidate set. The main technique used in this paper is to obtain an upper bound for |Π |, whereΠ is the set of
all permutations pi of V (G) such that there exists a candidate set which is effective under pi . By Theorem 3, G is a universal
fixer if and only if |Π | = n!. However, we show that the upper bound is less than n!.
3. Regular graphs
Denote the class of k-regular universal fixers byUk. As shown in [8],Uk = ∅ for 1 ≤ k ≤ 4. We prove here thatUk = ∅
for all k ≥ 5. We need one more result from [8].
Lemma 7 ([8]). If G ∈ Uk, then all candidate sets are symmetric and have size γ (G)2 = nk+2 .
Proof of Theorem 1. Suppose to the contrary that G ∈ Uk, where wemay assume that k ≥ 5. Since Kn 6∈ Un−1 for all n ≥ 2
we may also assume that k ≤ n− 2. By Lemma 7, all candidate sets in G are symmetric and have cardinality γ2 . Denote the
collection of all candidate sets by C and let |C| = c. We first prove a lemma.
Lemma 8. If A1 ∈ C, A = A1 ⊎ A2 is the symmetric γ -set corresponding to A1 and pi is a permutation such that A is effective
under pi , then Bi = pi(Ai) ∈ C, i = 1, 2.
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Proof. Wemust prove that B is symmetric, i.e. that B1  V (G)− B. Note that for i = 1, 2,∑
x∈Bi
deg x = kγ
2
= kn
k+ 2 (Lemma 7)
= n− γ . (1)
Since B is a B2-γ -set, B2  V (G) − B. Say r, s ∈ B1. If rs ∈ E(G), then B − {r}  G, a contradiction. If t ∈ N(r) ∩ N(s), then
(B−{r, s})∪{t}  G, another contradiction. Hence B1 is a packing (also see [8, Lemma 2]) and (1) implies that B1  V (G)−B,
as required. 
Consider arbitrary A1, B1 ∈ C. Note that A1 and B1 are not necessarily disjoint or distinct. Since |Ai| = |Bi| = γ2 , i = 1, 2,
the number of permutations pi such that pi(Ai) = Bi, i = 1, 2, is(γ
2
)
!
(γ
2
)
!(n− γ )!. (2)
Summing over all c2 possible choices of two sets from C, and noticing (i) (by using Lemma 8) that each permutation inΠ is
counted, and (ii) (by choosing A2, B2 instead of A1, B1) that each permutation inΠ is thus counted at least twice, we obtain
1
2
(γ
2
)
!
(γ
2
)
!(n− γ )!c2 ≥ |Π | = n!. (3)
We next determine an upper bound for c. Selecting A1 ∈ C vertex by vertex, the first vertex v1 can be chosen in at most
n ways. Since A1 is a packing (Lemma 4(c)), the second vertex v2 must be chosen from V (G) − N[v1] and there are at most
n− (k+ 1) choices for v2. Then v3 ∈ V (G)− (N[v1] ⊎ N[v2]), hence there are n− 2(k+ 1) choices for v3. Continuing in
this way until γ2 vertices have been selected, and noticing that each set thus selected is counted (
γ
2 )! times, we obtain
c ≤ n(n− (k+ 1))(n− 2(k+ 1)) · · ·
(
n− ( γ2 − 1) (k+ 1))(
γ
2
)! . (4)
Substituting (4) into (3) gives[
n(n− (k+ 1))(n− 2(k+ 1)) · · ·
(
n−
(γ
2
− 1
)
(k+ 1)
)]2 ≥ 2n!
(n− γ )! .
The arithmetic mean of a set of distinct numbers is greater than its geometric mean, hence[
2n− ( γ2 − 1) (k+ 1)
2
]γ
>
2n!
(n− γ )! = n(n− 1) · · · (n− γ + 2)[2(n− γ + 1)]. (5)
Both sides of (5) have γ terms.We now show that each term on the left is bounded above by each term on the right, resulting
in a contradiction. We want to show that
2n− ( γ2 − 1) (k+ 1)
2
≤ n− γ + 2 (6)
and
2n− ( γ2 − 1) (k+ 1)
2
≤ 2(n− γ + 1). (7)
Assuming the opposite, substituting γ = 2nk+2 and solving for n, we obtain from (6) that
n <
(k+ 2)(k− 3)
k− 3 (8)
and from (7) that
n <
(k+ 2)(k− 3)
3k− 3 . (9)
But 5 ≤ k ≤ n− 2, hence (8) supplies the contradiction n < k+ 2, while (9) gives 1 < k−33k−3 , which is also impossible. 
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Fig. 1. Separable γ -sets A = {u} ∪ {v,w, z}, B = {x, z} ∪ {y, w} and C = {r, s, w, z}.
4. The case γ = 4
An obvious corollary to Theorems 5 and 6 is that graphs with γ ≤ 3 are not universal fixers. In this section we prove
Theorem 2, i.e. that graphs with γ = 4 are also not universal fixers. We may assume that G is connected, for if G 6= K4 is
a disconnected universal fixer with γ (G) = 4, then some nontrivial component H of G with γ (H) < 4 is a universal fixer,
which is not the case.
Proof of Theorem 2. Assume G is a connected universal fixer with γ (G) = 4. Since γ (G) ≤ n2 , n ≥ 8. Denote the collection
of candidate sets by C. Since G has no symmetric A1-γ -set such that |A1| = 1 or 3 (Theorem 6), C = C1⊎C2⊎C3, where
C1 =
{
A1 : A = A1
⊎
A2 is an asymmetric A1-γ -set with |A1| = 1
}
,
C2 =
{
A1 : A = A1
⊎
A2 is an A1-γ -set with |A1| = 2
}
,
C3 =
{
A1 : A = A1
⊎
A2 is an asymmetric A1-γ -set with |A1| = 3
}
.
Say |C| = c and |Ci| = ci. We first show that C1 ∪ C3 6= ∅.
Lemma 9. There exists a candidate set A1 such that |A1| = 1 or |A1| = 3.
Proof. Suppose to the contrary that all candidate sets are 2-sets. Similar to (2), for arbitrary A1, B2 ∈ C, there are 2!2!(n−4)!
permutations pi such that pi(Ai) = Bi, i = 1, 2. The set of permutations thus considered over all choices of A1, B2 ∈ C, is
contained in the set of permutations similarly obtained if C consists of all 2-subsets of V (G), i.e. when c = ( n2 ), hence we
consider only this case. Then all separable γ -sets are symmetric and each permutation is counted at least twice. As in the
proof of Theorem 1 it follows that
1
2
2!2!(n− 4)!c2 ≥ |Π | = n!.
Substituting for c we obtain
1
2
(n− 4)!n(n− 1)n(n− 1) ≥ n!,
which simplifies to n(n− 1)/2 ≥ (n− 3)(n− 2). This is a contradiction for n ≥ 8. 
We show next that C1 6= ∅. Assume to the contrary that C1 = ∅, let A1 ∈ C3 (6= ∅ by Lemma 9) and pi be a permutation
such that A = A1⊎ A2 is effective under pi . Then B = pi(A) is a B2-γ -set, where |B2| = 1, i.e. B2 ∈ C1, a contradiction. Hence
C1 6= ∅.
Let A1 = {u} ∈ C1. Then N(u) = V (G) − A, so deg u = n − 4, and A2 = V (G) − N[u] is a packing by Lemma 4(c).
In the remainder of the proof we construct two symmetric γ -sets B and C that do not contain u, and show that this leads
to a contradiction. By Theorem 5 there is a symmetric γ -set B of G such that u 6∈ B. Then B ∈ C2. Let B = {x, y, z, w},
where B1 = {x, z} and B2 = {y, w} (see Fig. 1). By Lemma 4(c) and (e), u is adjacent to exactly one vertex in each Bi, say
NB(u) = {x, y}, and there exists a vertex v such that NB(v) = {x, y} and uv 6∈ E(G). Now, u is not adjacent to z, w, v and
deg u = n− 4. Hence N[u] = V (G)− {v,w, z}, i.e. A2 = {v,w, z}. Since every vertex in V (G)− B is adjacent to exactly two
vertices in B, and A2 is a packing, it follows thatN(w)∩N(z) = ∅,N(z) ⊆ N(y),N(w) ⊆ N(x) andNB(v) ⊆ N(x)∩N(y)−{u}.
Consider a maximal clique Q of G such that {x, u} ⊆ Q ⊆ (N(x)∩ N(y))∪ {x} and (as guaranteed by Theorem 5) let C be
a symmetric γ -set of G such that Q ∩ C = ∅. By Lemma 4(c), |N(x) ∩ C | = 2. Say N(x) ∩ C = {r, s}.
If y ∈ C , then by the independence of C (Lemma 4(a)), C ∩ N(y) = ∅ and so {r, s} ⊆ N(w). But then u is dominated by
each of r, s, y ∈ C , contradicting Lemma 4(c). Hence y 6∈ C and so |N(y) ∩ C | = 2.
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If N(y) ∩ N(z) ∩ C 6= ∅, then z 6∈ C and so |N(z) ∩ C | = |N(y) ∩ N(z) ∩ C | = 2. Since B1 is a packing, N(x) ∩ N(z) = ∅
and hence |(N(x) ∪ N(z)) ∩ C | = 4. But the only vertex in N(x) ∪ N(z) not adjacent to u is v, so C dominates u three times,
a contradiction. Therefore N(y) ∩ N(z) ∩ C = ∅ and so {r, s} ⊆ N(x) ∩ N(y).
Since B2 is a packing, N(w) ∩ N(y) = ∅, hence {r, s} ∩ N(w) = ∅ and so C ∩ N(w) = ∅ (otherwise C dominates x at
least three times). Hencew ∈ C and similarly z ∈ C , i.e. C = {w, z, r, s}. Since neitherw nor z is adjacent to any vertices in
(N(x)∩N(y))∪{x}, r and s both dominate all vertices in Q . But then Q ∪{r} is a clique of G and Q ∪{r} ⊆ (N(x)∩N(y))∪{x},
contradicting the maximality of Q . 
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